
 

 

 
(9)   7.5   Derivatives Of  Inverse Trigonometric Functions   (B) 
 

Limits 

lim௫→ିଵశ sinିଵ ݔ = lim௫→ଵష 2ߨ− sinିଵ ݔ =  2ߨ

lim௫→ିଵశ cosିଵ ݔ = lim௫→ଵష ߨ cosିଵ ݔ = 0 

lim௫→ஶ tanିଵ ݔ = lim௫→ିஶ 2ߨ tanିଵ ݔ =  2ߨ−

lim௫→ஶ cotିଵ ݔ = 0 lim௫→ିஶ cotିଵ ݔ =  ߨ

 
 
 

Differentiation ݀݀ݔ ሺsinିଵ ሻݔ = 1√1 − ݔ݀݀ ଶݔ ሺcosିଵ ሻݔ = −1√1 − ݔ݀݀ ଶݔ ሺtanିଵ ሻݔ = 11 + ݔ݀݀ ଶݔ ሺcotିଵ ሻݔ = −11 + ݔ݀݀ ଶݔ ሺsecିଵ ሻݔ = ଶݔ√ݔ1 − ݔ݀݀ 1 ሺcscିଵ ሻݔ = ଶݔ√ݔ1− − 1 

 

  



Exa

        ݀݀
 

Exa

Let    
         

          
 

Exa

Let    
         
                                                 
 

(9)

ample 1

Let   ݕ = c
        cos ݕ
        − sin         ݕ\ = ݔ݀ݕ݀          = ݔ݀݀           ሺݔ݀݀ݕ ሺcosିଵ ݔ

ample 2

ݕ           = t tan ݕ
      secଶ \ݕݕ ݕ ݔ݀ݕ݀= ݔ݀݀            = ሺt

ample 3

ݕ   = cscି
    csc ݕ =
   − csc \ݕ    c ݕ =  csc    ݀ݔ݀ݕ =  cs ݀݀ݔ ሺݕሻ = ݔ݀݀    ሺcscିଵ
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1  Show 

cosିଵ =  ݔ ݕ             ݔ ∙ \ݕ = 1 −1sin 1ඥsinଶ− ݕ ሻݕ ݕ =  −ඥ1 −ሻ = −1√1 − ݔ
2  Show 

tanିଵ ݕ ݔ = \ݕ ݔ = 1  =  1secଶ =  ݕ  11 + tanଶtanିଵ ሻݔ =
3  Show 

ଵ cot ݔ ݔ \ݕ  ݕ =−1c cot ݕ 1c−  ݕ ඥcotଶ ݕ 1csc−ݕ ݕ ඥcscଶݔሻ = ݔ√ݔ− 

rivatives Of
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that 
ݔ݀݀

                    

−1cosଶ  ݕ

 ଶݔ

that ݀݀ݔ

11  ݕ +  ଶݔ

that 
ݔ݀݀  

1 

  ݕ
ଶ ݕ − ଶݔ1− 1 − 1 

 

f Inverse Tr

             

ሺcosିଵ ሻݔ
              

ሺtanିଵ ሻݔ

cscିଵ ݔ =

rigonometri

              

ሻ = −1√1 −
Solution

ሻ = 11 + ଶݔ
Solution 

= ݔ1− ଶݔ√ −
Solution

c Functions

              

ଶݔ , −

ଶ 

− 1 

 

s   (B)          

    غانم سام

−1 < ݔ <                 
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March  20

997 
02 



Exa

 

Exa

Let    
         

         

 

Let    
         
                                                 
 
 

Exa

(9)

ample 4

  Let   ݕ =
        sin ݕ
        cos \ݕ         ݕ = ݔ݀ݕ݀           ݔ݀݀         = ሺݔ݀݀         ݕ ሺsi

ample 5

ݕ           = c cot ݕ
      − cscଶ \ݕݕ ݔ݀ݕ݀= ݔ݀݀=  ሺ
 

ݕ   = secି
    sec ݕ =
   sec \ݕ    tan ݕ =  Se ݀ݔ݀ݕ =  sec ݀݀ݔ ሺݕሻ = ݔ݀݀    secିଵ ݔ

ample 6

)   7.5    Der
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4  Show 

sinିଵ =  ݔ ∙             ݔ \ݕ = 1 1cos cosଶ√1  ݕ ሻݕ ݔ =  1√1 − sinିଵ ሻݔ =  √
5   Show

cotିଵ ݕ ݔ = \ݕ ݕ ݔ = 1  =  −1cscଶ =  ݕ  −11 + cotଶሺcotିଵ ሻݔ =

ଵ n ݔ ݔ \ݕ  ݕ = 11c ݕ tan ݕ1  ݕ √tanଶ 1sec ݔ ݕ ඥsecݔ = ଶݔ√ݔ1 

6   Show

rivatives Of
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that 
ݔ݀݀

                     

1sinଶ 1√1 ݔ −  ଶݔ

w that ݀

=  ݕ  −11 +  ଶݔ

 

ଶ ݕ − 1 

− 1 

 

w that ݀

f Inverse Tr

             

ሺsinିଵ ሻݔ
             

ݔ݀݀ ሺcotିଵ

ݔ݀݀  secିଵ

rigonometri

              

= 1√1 − ݔ
Solution

ሻݔ = −1 +
Solution

Solution

ݔ = ݔ ݔ√

c Functions

              

ଶݔ , −

 ଶݔ1

ଶݔ1 − 1 

s   (B)          

    غانم سام

−1 < ݔ <                  
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Solution ݂ሺݔሻ = sinିଵ ݔ − 2 tanିଵ ඨ1 + 1ݔ −  ݔ

݂\ሺݔሻ = 1√1 − ଶݔ − 2 ∙ 11 + 1ݔ − ݔ + 1 ∙ 12ට1 + 1ݔ − ݔ ∙ 1 − ݔ − ሺ1 + ሻሺ1ݔ − ሻଶݔ  

           = 1√1 − ଶݔ − 2 1 − 1ݔ + ݔ + 1 − ݔ ∙ √1 − 1√2ݔ + ݔ ∙ 2ሺ1 − ሻଶݔ = 1√1 − ଶݔ − 2 ሺ1 − ሻ2ݔ ∙ √1 − 1√2ݔ + ݔ ∙ 2ሺ1 −  ሻଶݔ

           = 1√1 − ଶݔ − √1 − 1√ݔ + ݔ ∙ 11 − ݔ = 1√1 − ଶݔ − 1√1 + ݔ ∙ 1√1 − ݔ = 1√1 − ଶݔ − 1√1 − ଶݔ = 0 

          ∴ ݂ is a constant function. 
 

Solution ݂ሺݔሻ = 2 sinିଵ ݔ                         ݂\ሺݔሻ = 2√1 − ሻݔଶ     ݃ሺݔ = cosିଵሺ1 − ሻݔଶሻ ݃\ሺݔ2 = −ሺ−4ݔሻඥ1 − ሺ1 − ଶሻଶݔ2 = ඥ1ݔ4 − ሺ1 − ଶݔ4 + ସሻݔ4 = ଶݔ4√ݔ4 − ସݔ4 = ଶሺ1ݔඥ4ݔ4 − =             ଶሻݔ 1√|ݔ|2ݔ4 − ଶݔ = 1√ݔ2ݔ4 − ଶݔ = 2√1 − ∴ ଶݔ ݂\ሺݔሻ = ݃\ሺݔሻ ݂ሺݔሻ = ݃ሺݔሻ + 2 ܥ sinିଵ ݔ = cosିଵሺ1 − ଶሻݔ2 +  ܥ
at  ݔ = 0  2 sinିଵ 0 = cosିଵሺ1ሻ + 0               ܥ = 0 + ܥ                     ܥ = 0 ∴ 2 sinିଵ ݔ = cosିଵሺ1 −  ଶሻݔ2
 
  

Example 7   Show that the function defined by 6 March  1997

 ݂ሺݔሻ = arcsin ݔ − 2 arctan ඨ1 + 1ݔ − ݔ , ሺ0 ≤ ݔ < 1ሻ 

 is a constant function.  

Example 8    Prove the following identity: 2 sinିଵ ݔ = cosିଵሺ1 − ଶሻݔ2 , ݔ ≥ 0 
15  July  2003 A  
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Example 9    Show that: secିଵ ൬݁௫2 ൰ = sinିଵሺ−2݁ି௫ሻ + 2ߨ , for    ݔ ≥ ln 2 
23  Nove.2007 A 

Solution ݂ሺݔሻ = secିଵ ൬݁௫2 ൰                        ݂\ሺݔሻ = ݁௫2݁௫2 ටቀ݁௫2 ቁଶ − 1 = 1ටቀ݁௫2 ቁଶ − 1 = 2√݁ଶ௫ − 4  
݃ሺݔሻ = sinିଵሺ−2݁ି௫ሻ,                  ݃\ሺݔሻ = −2ሺ−݁ି௫ሻඥ1 − ሺ−2݁ି௫ሻଶ = 2݁ି௫√1 − 4݁ିଶ௫ = 2√݁ଶ௫ − 4 ∴ ݂\ሺݔሻ = ݃\ሺݔሻ      ݂ሺݔሻ = ݃ሺݔሻ + secିଵ ܥ ൬݁௫2 ൰ = sinିଵሺ−2݁ି௫ሻ + secିଵ ܥ ቆ݁୪୬ ଶ2 ቇ = sinିଵ൫−2݁ି ୪୬ ଶ൯ +  ܥ

at  ݔ = ln 2  secିଵሺ1ሻ = sinିଵሺ−1ሻ, + 0               ܥ = − 2ߨ + →       ܥ ܥ              = ∴ 2ߨ secିଵ ൬݁௫2 ൰ = sinିଵሺ−2݁ି௫ሻ + 2ߨ , 
 

Solution ݂ሺݔሻ = sinିଵ ൬ 1√ݔ +                        ଶ൰ݔ
  ݂\ሺݔሻ = 1ඨ1− ൬ 1√ݔ + ଶ൰ଶݔ  ∙ √1 + ଶݔ − ݔ ൬ 1√2ݔ2 + ଶ൰1ݔ + ଶݔ = 1

ඩ൫√1 + ଶ൫√1ݔ−ଶ൯ଶݔ + ଶ൯ଶݔ
 ∙ ሺ1 + ଶሻݔ − ଶ√1ݔ + ଶሺ1ݔ +  ଶሻݔ

              = √1 + ଶට൫√1ݔ + ଶݔ−ଶ൯ଶݔ  ∙ 1√1 + ଶሺ1ݔ + ଶሻݔ = 1√1 + ଶݔ−ଶݔ  ∙ 1ሺ1 + ଶሻݔ = 11 +  ଶݔ

݃ሺݔሻ = tanିଵሺݔሻ                 ݃\ሺݔሻ = 11 + ∴ ଶݔ ݂\ሺݔሻ = ݃\ሺݔሻ      ݂ሺݔሻ = ݃ሺݔሻ + sinିଵ ܥ ൬ 1√ݔ + ଶ൰ݔ =  tanିଵሺݔሻ +  ܥ

at  ݔ = 0  sinିଵሺ0ሻ =  tanିଵሺ0ሻ + →       ܥ              0 = 0 + →        ܥ ܥ              = 0 ∴ sinିଵ ൬ 1√ݔ + ଶ൰ݔ =  tanିଵሺݔሻ 

Example 10 Verify the following identities  

7  July  1997 sinିଵ ൬ 1√ݔ + ଶ൰ݔ = tanିଵሺݔሻ for, ≤ ݔ  0 



(9)   7.5    Derivatives Of Inverse Trigonometric Functions   (B)                            P6 

 65168855                                              غانم حسام 

Solution ݂ሺݔሻ = tanିଵ ൬1ݔ൰                                      ݂\ሺݔሻ = ଶቆ1ݔ1− + ቀ1ݔቁଶቇ = − ଶݔ1 + 1                       
݃ሺݔሻ = cotିଵ ݔ                                            ݃\ሺݔሻ = − ଶݔ1 + 1 ∴ ݂\ሺݔሻ = ݃\ሺݔሻ 
     ݂ሺݔሻ = ݃ሺݔሻ + tanିଵ ܥ ൬1ݔ൰ = cotିଵ ݔ +  ܥ

at  ݔ = 1  tanିଵሺ1ሻ = cotିଵሺ1ሻ + →         ܥ 4ߨ            = 4ߨ  + →         ܥ ܥ             = 0 tanିଵ ൬1ݔ൰ = cotିଵ  ݔ

         

Solution ݕ = 12 lnሺln ሻݔ + 12 lnሺtanିଵ ሻݔ − 12 ݔ ln 2 − 14 lnሺ1 + \ݕ ሻݔ3 = ݔ12 ln ݔ + 12 tanିଵ ݔ ∙ 11 + ଶݔ − 12 ln 2 − 34ሺ1 +  ሻݔ3
 

Solution ݕ = 6 ln ݔ + 3 ln sinିଵ ݔ − 3 lnሺ1 − ሻݔ2 − \ݕ ݔ6 = ݔ6  + 3sinିଵ ݔ ∙ 1√1 − ଶݔ − 3ሺ−2ሻ1 − ݔ2 − 6 
 

Example 14   Find ݀ݔ݀ݕ if ݕ = ሺcos ሻሺୡ୭ୱݔ ௫ሻ + cosିଵሺlogଷ ሻ 6 March  1997ݔ

Solution ݕଵ = ሺcos ሻሺୡ୭ୱݔ ௫ሻ                                         ln ଵݕ = cos ݔ lnሺcos ଵݕଵ\ݕ ሻݔ = − sin ݔ lnሺcos ሻݔ + cos ݔ − sin cosݔ ݔ ଵ\ݕ  = ሾ= − sin ݔ lnሺcos ሻݔ − sin ሿሺcosݔ ሻሺୡ୭ୱݔ ௫ሻ ݕଶ = cosିଵሺlogଷ ሻݔ                  → ଶ\ݕ  = −1ඥ1 − ሺlogଷ ሻଶݔ ∙ ݔ1 ∙ 1ln \ݕ 3 = ଵ\ݕ + \ݕ ଶ\ݕ = ሾ= − sin ݔ lnሺcos ሻݔ − sin ሿሺcosݔ ሻሺୡ୭ୱݔ ௫ሻ + −1ඥ1 − ሺlogଷ ሻଶݔ ∙ ݔ1 ∙ 1ln 3 

 

Example 11    Show that: tanିଵ ൬1ݔ൰ = cotିଵ ݔ ,        for all    ݔ > 0 
12  July  2000 A 

Example 12   Find ݕ′ if ݕ = ඨሺln ሻሺtanିଵݔ ሻ2௫ݔ √1 + ݔ3  20  November  2006 A

Example 13   Find ݀ݔ݀ݕ if ݕ = ቆ ଶݔ sinିଵ ሺ1ݔ − ሻ݁ଶ௫ቇଷݔ2
 10 March  1999

لان اللوغاريتم لا يتوزع على الجمع 
تقسيم الدالة  إلى دالتين ونشتق  فيجب

يكون المشتقة حدة ثم  كل دالة على
  المطلوبة عبارة عن مجموع

  الدالتان  نمشقتي ھاتا
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Solution ln ݕ = ݔ− lnሺݔ − 1ሻ + ln tanିଵ ݔ − ݔ3 − 12 lnሺݔଶ − 1ሻ ݕ\ݕ = − lnሺݔ − 1ሻ − ݔݔ − 1 + 1tanିଵ ݔ ∙ 11 + ଶݔ − 3 − ଶݔ2ሺݔ2 − 1ሻ 

 

Example 16    Find ݕ if ݔ݀ݕ݀ = ୡ୭୲ߨ ௫൫ݔ୲ୟ୬షభ ௫൯ 23  Nov.  2007 A

Solution ݕ\ = cot ݔ ln ߨ + tanିଵ ݔ ln ݕ\ݕ ݔ = − cscଶ ݔ ln ߨ + 11 + ଶݔ ln ݔ + ݔ1 tanିଵ \ݕ ݔ = ୡ୭୲ߨ ௫൫ݔ୲ୟ୬షభ ௫൯ ቈ ln 1ݔ + ଶݔ + tanିଵ ݔݔ cscଶ ݔ ln  ߨ

Solution 1ඥ1 + ଶݕଶݔ ൫ݕ + ൯\ݕݔ + 11 + ቀݕݔቁଶ ∙ ݕ − ଶݕ\ݕݔ = 0 

\ݕ ൦ ඥ1ݔ + ଶݕଶݔ − 1ݔ + ቀݕݔቁଶ൪ + ඥ1ݕ + ଶݕଶݔ + ൬1ݕ + ቀݕݔቁଶ൰ ଶݕ = 0 

\ݕ = ൦− ඥ1ݕ + ଶݕଶݔ − ݕ1 ൬1 + ቀݕݔቁଶ൰൪ ൦ ඥ1ݔ + ଶݕଶݔ − 1ݔ + ቀݕݔቁଶ൪ିଵ
 

 

Example 18    Find if tanିଵ ݔ݀ݕ݀ ݔݕ = ୲ୟ୬షభߨ ௫ + sinିଵሺ3ݔ −  .ሻݕ2
16  November  2004 

Solution 11 + ቀݔݕቁଶ \ݕݔ − ଶݔݕ = ୲ୟ୬షభߨ ௫ ∙ 11 + ଶݔ ∙ ln ߨ + 3 − ඥ1\ݕ2 − ሺ3ݔ −   ሻଶݕ2
\ݕ ൦ ଶݔݔ 1 + ቀݔݕቁଶ൨ + 2ඥ1 − ሺ3ݔ − ሻଶ൪ݕ2 = ୲ୟ୬షభߨ ௫1 + ଶݔ ∙ ln ߨ + ଶݔݕ 1 + ቀݔݕቁଶ൨ + 3ඥ1 − ሺ3ݔ −  ሻଶݕ2

 

\ݕ = ൦ߨ୲ୟ୬షభ ௫1 + ଶݔ ∙ ln ߨ + ଶݔݕ 1 + ቀݔݕቁଶ൨ + 3ඥ1 − ሺ3ݔ − ሻଶ൪ݕ2 ቈ ଶݔݔ + ଶݕ + 2ඥ1 − ሺ3ݔ − ሻଶିଵݕ2
 

Example 15   Use logarithmic differentiation to find ݕ′ if ݕ = ቀ ݔ1 − 1ቁ௫ tanିଵ ଶݔ√  ଷ௫݁ݔ − 1  

27  November  2008 A  

Example 17  Find ݀ݔ݀ݕ if sinିଵሺݕݔሻ − tanିଵ ൬ ݕݔ ൰ = 0 4  July  1996
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Homework 
 

1 
Find the derivative of 

31  August  2008 Aݕ =  tanିଵሺି݁ݔ௫ሻ + lnሾሺ3௫ + 1ሻሺ2 + cos ሻሿݔ
2 Find ݀ݔ݀ݕ if ݕ = ln ඨ sinሺ݁௫ሻ√ݔ + secିଵ November  2004  16 ݔ

3 
Find the derivative of 

2 May   1995ݕ = lnሾlogଵሺsinିଵ ሻሿݔ + ୡ୭ୱషభݔ ௫ 
4 

Use logarithmic differentiation to find ݂\ሺ0ሻ when [3 mark] 
31   10 July 2010݂ሺݔሻ = ሺݔ + 1ሻగሺ2 arcsin ݔ − 3ሻ݁௫√ݔଶ + 1  

 

Homework 
 

1 Prove the following identity: cosሺ2 sinିଵ ሻݔ = 1 − ଶ 24  March    2008 Aݔ2

2 Prove the identity: 2 sinିଵ൫√ݔ൯ = cosିଵሺ1 − ሻݔ2 , ሺ0 ≤ ݔ ≤ 1ሻ 27  Nov.  2008 A

3 Show that cotିଵ ቆ√1 − ݔ√ݔ ቇ =  sinିଵ൫√ݔ ൯ 18  July  2005 A

4 Show that cosିଵ ൬ݔ − ݔ1 + 1൰ = 2 cotିଵ൫√ݔ൯ 22  July  2007

5 Show that: tanିଵ ݔ = cotିଵ ൬1ݔ൰ , for all ݔ > 0 

6 Show that:   tanሺsinିଵ ሻݔ − cotሺcosିଵ ሻݔ = 0, for ݔ ∈ ሺ 0 , 1 ሻ 13  March  2001 A
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