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(9) 7.5 Derivatives Of Inverse Trigonometric Functions (B)

Limits
T T
lim sin"lx=—— lim sin"1x =—
x—-—1t 2 x—>1~
lim cos lx=m lim cos™1x =0
x——1% x—1"
s T
lim tan 1 x = — TR G Sl
X—00 2 X——00 2
lim cot™1x =0 lim cot™/lx=m
X=.00 X—>—00

Differentiation
% (sin"lx) = i =
% (cos™1x) = 1_—1x2
%(tan'1 ) = q +1x2
%(sec‘1 x) = . xi —
v (csc™1x) = . x_zl_ -




(9) 7.5 Derivatives Of Inverse Trigonometric Functions (B) P2

d
Examplel Showthat —-(cos™x) =

_ — lijz@ @Al 1%
V1 — x?
Solution
Let y=cos 'x
cosy =x
—siny-y\=1
bocvimd
siny
-1
dx \/sin? y
d AL =1
dx 1—cos?y
—(cos™tx) = !
d V1 — x?
d 1
Example?2 Showthat —(tanlx) =
dx 1+ x?
Solution
Let =LA | [ %
tany = x
sec?y y\=1
1
\ =
sec?y
dy 1
dx  1+tan?y
2 (tan1 ) = —
PRIl = Al 2
d -1 8 October 1997
“ =10 B Ao
Example 3 Showthat —— csc™'x Il 14 March 2002
Solution

Let y=csclx

cscy = x
—cscy coty y\=1
-1
y\: S
cscy coty
dy =1
dx  cscy [cot2y
d ) -1
R y o
dx cscy./csc?y — 1
d (s 1x) = =1
7y (escT X LW
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(9) 7.5 Derivatives Of Inverse Trigonometric Functions (B)

P3

d 1
A A s Al _
Example 4 Show that - (sin"'x) Nk lgia@ R

24 March 2008 A

Solution
Let y=sin"1x
siny = x
cosy-y\=1
b 1
cosy
dy 1

dx vVcos? x

d 1
=
dx V1 —sin?x

d -1
Sh that e -1 =
Example 5 ow P (cot™ x) T a2

Solution
Let m=boot || X
coty = x
—cscly y\ =1
=
i s
csc2y
dy 1
dx 1+ cot?y

-1

A
Rl = 1+ x2

dx

d 1
Show that Ple—secTixl=tr——in =
Example 6 r: T

8 October 1997
14 March 2002

Solution
i1

Let y =sec”
secy = x
secy tany y\'=1
il
o) F AUELEE
Secytany
dy 1

dx secy Vtan? x
1

X

d

— ) =

dx secy./sec’y —1
d 1

— spig-lan=

dx xVx? —1
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(9) 7.5 DerivativesOf Inverse Trigonometric Functions (B) P4

Example 7 Show that the function defined by 6 March 1997
1.4
f(x) = arcsin x — 2 arctan /1_22 N oAy
IS a constant function.
Solution
f(x) =sin"lx —2tan™! 1+x
1 1 1 1-x—(1+x)
\(x) = -2
' = 1+x+12Jm A=
1—x
B pl - 1—x V1i-x 2 B 1 _2(1—x)_\/1—x_ 2
V1—x2 ltx+1l-x 2yItx (1-%)?% 11— x2 Zoali2 valiee 4 (1 = %)%
1 Ji-x 1t 1 1 1 1
Vi-x2 Vi+x 1-x V1—x2 Vi+x Vi—x VI—-x2 VI—x%
~ f Isaconstant function.
Example 8

15 July 2003 A

Prove the following identity:

2sin”!x = cos™1(1 — 2x?) ,

x=>0

Solution
LiCasaiP) siike] b+ f\x) = f
1—x2
g(x) = cos™1(1 — 2x?)
—(—4x) 4x 4x 4x
g\(x) = = T =
J1—(1—-2x2)2 J1—(1—4x2+4x*) Vax?—4x* [4x2(1 —x2)
= 4x i 4x il 2
T 2lxV1—-x2 2xVI—xZ VI—«Z
L f\x) = g\(x)
fx)=gx)+C
2sin"'x =cos™1(1—-2x%)+C
ax=0
2sin”10 =cos™}(1) +C
0=0+C cC=0
s~ 2sin”tx = cos (1 — 2x2?)
65168855 plle alus




(9) 7.5 DerivativesOf Inverse Trigonometric Functions (B) P5

Example 9 Show that: sec—1 (e ) = sin™'(=2e7™*) + E, for x>1In2

23 Nove.2007 A 2 2
Solution
* ¢ 1 2
o e

f(X) - Sec_l (7) f\(X) - x i 2 - x\ 2 - \/ 2x _
e \/ e 1 \/ e 1 e 4
2J&) -1 JE) -

g =sini(-2e), g\ = e L= 2 &

J1— (—2e7)2 B V1 — 4e2x - Ve?* — 4
@ =g\
f) =g +C

X

e
sec”! (—) =sin"(-2e™) +C

2
ean
sec‘1< 3 ) =sin"!(-2¢""2) +C
a x=1In2
sec1(1) =sin"}(-1),+C
(= —E+ C - C = &
2 2

e* /[
s sec”! (7> = sin"1(—-2e7¥) + >

Example 10 Veify thefollowing identities

7 dly 1997 sin”® \/%) ~ tan1(x) il ks
X
Solution
, |18 B
f(x)=sm1< 1+x2) 2
== X
) = ! . 1+x2_x(zv—1+xz): 1 C(A+x?) -
x 2 1+ x2 \/—_72 . \/1+x2(1+x2)
L) 1 4
! (\/1+x2> (V1 +x?) 2x
VIt 2
il V1 +x2 ) 1 ik 1 . 1 - i
I \/(m)z_xz V1 + x2(1 + x?) B VI + x2—x2 (1 +x?) TR ¥ L)
g(x) = tan™'(x) g\(x) = r +1x2
L@ =g\
fx) = 3?(x) +C
Sin_1 (m) = tan‘l(x) +C
a x=0
sin“1(0) = tan”1(0)+C - 0=0+4C 5 C=0

o cin—1

X
= sin
<\/1 + x2

) = tan"1(x)
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(9) 7.5 DerivativesOf Inverse Trigonometric Functions (B) P6
1
Example 11 Show that: tan™?! (—) =Acot T forall x>0
12 July 2000 A X
Solution
1 al. 1
e -1(Z \ — xZ = —
f(x) = tan (x) () N2 2+ 1
1+(3)
960 = cot ' x 9@ = ——
x2+1
“ M) = g\(x)
A (x)1= gx)+C
Sl [ T -1
tan (x) =cot " x+C
ax=1
tan™1(1) = cot™ (1) + C — % = %+ C - C=0

1
tan~?! (;) =cot™lx

(Inx)(tan=1 x)

Example12 Find ' if y:j

20 November 2006 A

2% 1+ 3x
Solution
—11(1 )+11 (tan~1x) " In2 11 (1+ 3x)
y—Zn nx 21’1 an X 2X1’1 4n X
1 1 1 1 3

\ — + ; — Zn 2 —a WAVAR
Y 2xInx  2tan"lx 1+ x? 2.2 4(1 + 3x)

L 3
x?sin"1x >

dy
Example 13 Find % if y=<

10 March 1999

(1-—2x)e?x
Solution

y=6Inx + 3Insin"*x — 3In(1 — 2x) — 6x

2l Sl el |V 1RRY2 ol — 2%
i dy i (cosx) -1
Example 14 Find — if y=(cos) + cos~t(logs x) 6 March 1997
X

Solution

y; = (cos x)(€os®) Iny; = cosxIn(cos x)

\ ; - . 1z .
y | —sinx e g 55 Y el Y
y—ll = —sinxIn(cosx) + cosx g::;i wﬂb&@! Z\J\f];;uﬁ i
y\, = [= —sinxIn(cos x) — sinx](cos x)(cos %) Alidal) ¢y 58 o3 82a éﬁ‘”“ Js

{ . i 1 1 g sana e Boke Ayslladll
=2¢os - - RN
7, = cos™(logs ) B EAT e i S s i

y\ = y\l _|_ y\z

-1

il ol

y\ = [= —sinx In(cos x) — sin x](cos x)(€°s*) +

V1 — (logs x)? x In3
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(9) 7.5 DerivativesOf Inverse Trigonometric Functions (B) pP7

1 =
Example 15 Uselogarithmic differentiationtofind ' if -, _ (=1) wn'x

27 November 2008 A

Solution
1
Iny =—xIn(x—1)+Intan"tx — 3x — Eln(x2 -1)
y\ x 1 1 2x

7:_ln(x_l)_x—1+tan‘1x.1+x2_3_2(x2—1)

Example 16  Find Z_Z B A 50 (% ) 23 Nov. 2007 A
Solution

y\=cotxInmw+tan txInx

\
—=—csc?xInm+ 522 Inx +;tan‘1x
-1
y\ = nc"tx(xtan_lx) 113_3;2 fan xcsclennl
: dy . . @ Y EAYE

Example 17 Find = i aqdil (xy) — tan 5) = 0 4 July 1996

Solution
1 1 y —xy\
— = B \) + . =0
J1+x2y? btk 14 (5)2 y?
S

X X
X +——2 4 Y =0

\
y I 2292 |||l (;)2 1+ x2y?2 (1 I (g)z)yz

y 1 % X

\ = |- _ Lo
o R ey i e;

Exam Ie 18 Find d_y if tan~! X — qtan™'x +sin"1(3x — 2y).

16 November 2004 dx X
Solution
1 xy\_y:n.tan_lx. 1 lnT[-l_ 3_2y\
1+ * e J1—Gx -2y
X
x 2 7.L.tan‘lx y 3
y\ orTIL = > Inm + >+
x2[1+(¥)] J1-(Bx—-2y)?| 1+x x2[1+(%)] Al BRI
tan"lx -1
=X+ s + D [ G :
AN NETs 22 [H(%)Z] J1—Bx—2y)2| x> +¥?  J1-(Bx - 2y)?

65168855 e s




(9) 7.5 Derivatives Of Inverse Trigonometric Functions (B)

Homework

Find the derivative of

1 31 August 2008 A
y = tan"1(xe ™) + In[(3* + 1)(2 + cos x)]
1 X

2 | Find dy if = In sin(e”) 16 November 2004

£ y

— dx Vx +seclx

Find the derivative of
3 2May 1995
y = In[log,o(sin™t x)] + x€0s™" *
Use logarithmic differentiation to find £\ (0) when [3 mark]
ﬁ' () (x + 1)™(2 arcsinx — 3)e* SETI0 W09
X =
NrzES
Homework
i_ Prove the following identity:  cos(2sin™'x) = 1 — 2x? 24 March 2008 A
2 | Provetheidentity: 2sin"1(¥x) = cos(1 — 2x) (0<x<1) 27 Nov. 2008 A
3 | show that cot-1< 1\/:x> = sin™*(Vx) 18 July 2005 A
= X
b — I
4 |showthat  cos? (x - 1) = 2cot™!(Vx) 22 Jly 2007‘
i) Show that: fan NS Eeat o (%) ; forall x>0 ‘
Q Show that: tan(sin™! x) — cot(cos™'x) =0, forx €(0,1) 13 March 2001 A
65168855 Al ol




(9) 7.5 Derivatives Of Inverse Trigonometric Functions (B) P9

2 _Vi—a?
7 Show that: sin(tan~Yx — cos™1x) = X— 1 May 1994
‘ L ( g
‘ g Prove the following identity: cos }(—x) =m—cos71x 1 January 1995‘
2X )
‘ O |(Bpts) Showthat sin(2tan1x) = T2 foral x € R. 30 April 11, 2010
= X
. Y X for any :
2pts) Showthat  sin(tan™x) = ——= 33 April 10, 2011
‘10 Zp Vitxr x€ (=) i
39 Juned, 2011 A
11 Determine whether the statement istrue or false . Justify your answer for credit . (1 pteach)
== 1
(b) csc(sin‘l(;»:x foral |[x|>1.
‘ 12 | Useimplicit differentiation Find Z—y If tan"1(y) =In|1 + xy| ‘
== X
il Use implicit differentiation Find Z_y If tan"1(y) =In|1 + xy|
S X
Solution
\
y=201111 A \
14+y2 1+xy(y+xy )
y\[ 1 LT ] : y
1+y 1+xy i "

—l

== ||| [1 b ]
T 1+xyll+y 14y

y\
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